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Let G(r, 1, l ) be the complex arrangement [xi , xj&!hxk], where ! is a primitive
rth root of unity. The matroids of these arrangements are the Dowling matroids
Ql (Zr), where Zr is the group of rth roots of unity. We show that if E is a subset
of G(r, 1, l ) which does not contain any matroid line, then deleting E gives an
arrangement G(r, 1, l )"E which is free. We also give necessary and sufficient condi-
tions on a set E containing at least one matroid line but no matroid planes so that
the deletion G(r, 1, l )"E has a characteristic polynomial which factors completely
over the integers. Two types of arrangements can be obtained in this way. We show
that one type is always non-free. This yields examples of non-free complex
arrangements whose characteristic polynomials factor completely over the integers.
The same ideas also yield examples of non-free arrangements over any sufficiently
large field (and hence, over the reals) with characteristic polynomials which factor
completely over the integers. The matroids of these arrangements are non-super-
solvable matroids whose characteristic polynomials factor completely over the
integers.  1998 Academic Press
1. INTRODUCTION
A hyperplane arrangement is free if a certain module of derivations is free.
Free arrangements have the property that their characteristic polynomials
factor completely over the integers. In this paper, we give a simple
geometric condition on subarrangements of arrangements associated with
certain reflection groups which implies freeness. This condition yields two
new families of free but not supersolvable complex arrangements. It is
satisfied by Dl as a subarrangement of Bl and embeds Dl as one among
many examples. Our condition can also be applied to the arrangement of
all hyperplanes in a vector space over a finite field and is related to the
critical problem for matroids. Modifying our condition, we obtain many
examples of non-free real, complex, and graphical arrangements whose
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characteristic polynomials factor completely over the integers. These exam-
ples show that the class of arrangements whose characteristic polynomials
factor completely over the integers is a much larger class than the class of
free arrangements.
It would be impossible in a brief article to explain freeness and we will
make no attempt to do so. The reader is referred to Chapter 4 in [12] for
an excellent exposition. Throughout this paper, we shall use, without
explicit reference, the following theorem ([12, p. 121]): An arrangement
whose matroid is supersolvable is free. We shall only work with central
arrangements, that is, arrangements for which all the hyperplanes contain
the origin.
We can and will explain most of the matroid ideas. We shall be thinking
of matroids geometrically. Expositions which espouse this point of view are
[3] and [11]. Matroid theorists can read this paper by omitting the parts
about arrangements. For them, the main interest will be methods for con-
structing non-supersolvable matroids whose characteristic polynomials
factor completely over the integers given in Sections 3, 4, 6, and 8.
2. DOWLING MATROIDS AND REFLECTION ARRANGEMENTS
We shall be studying subarrangements of the complex arrangements
G(r, 1, l ) which arose from complex reflection groups. The arrangement
G(r, 1, l ) is the arrangement in C l consisting of the kernels of the following
linear functionals:
xi , 1il and xi&!hxj , 1i< jl, 0hr&1,
where ! is a primitive r-root of unity. When r=2, G(2, 1, l ) can be
‘‘realized’’ as the real Coxeter arrangement Bl . We can also think of the
linear functionals as vectors by regarding xi as a standard basis vector.
Then the set of vectors in G(r, 1, l ) forms a matroid. This matroid is the
Dowling (group) matroid Ql (Zr) based on the group Zr of rth roots of unity
in C (see [4] and [5]). The vectors xi form a distinguished basis for
Ql (Zr) and are called joints. The remaining vectors, which have the form
xi&!hxj , are called interior points. Because a non-zero multiple of a given
linear functional determines the same kernel as that linear functional, we
can identify two linear functionals differing by a nonzero scalar multiple.
We shall do this without further comment in this paper. A precise way to
do this identification is to think of the elements in Ql (Zr) as points in the
complex projective space PG(l&1, C).
We can use any group A instead of Zr when defining a Dowling matroid.
The Dowling matroid Ql (A) based on the group A consists of the formal
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vectors [xi , xi&:xj], where 1i, jl and : is an element of the group A
(see [5]). The matroid-theoretic results in this paper holds without change
for Dowling matroids based on finite groups.
A line in Ql (Zr) is a rank-2 flat. For clarity, we shall call such lines
‘‘matroid lines.’’ There are four kinds of matroid lines in Ql (Zr):
coordinate lines: [xi , xi&xj , xi&!xj , xi&!2xj , ...,
xi&!r&1xj , xj],
transversal lines: [xi&!sxj , xj&!txk , xk&!&(s+t)xi],
two-point lines with a joint: [xi , xj&!sxk],
two-point lines without a joint: [xh&!sxi , xj&!txk],
where h, i, j, k are distinct subscripts. Note that the coordinate lines have
r+2 points and are modular. The transversal lines have three points and
the two-point lines have two. In the arrangement, matroid lines are sets
consisting of all the hyperplanes which intersect at a given ‘‘hyperline’’ or
subspace of codimension 2.
3. NOT REMOVING A LINE
The main result in this section is the following theorem.
Theorem 1. Let E be a subset of G(r, 1, l ) containing no matroid lines.
Then the subarrangement G(r, 1, l )"E obtained by deleting all the hyper-
planes in E is free.
The condition that E does not contain a matroid line is rather restrictive
it should be, since it implies freeness. It is possible to give a more or less
complete description of sets satisfying this condition. To do so, observe
that because [xi , xj&!hxk] with i, j, k distinct is a two-point line, E can-
not contain both a joint xi and an interior point on an ‘‘opposite’’ coor-
dinate line, that is, a coordinate line not containing xi . Hence, E contains
three or more joints, then E is a subset of the set [x1 , x2 , ..., xl] of joints.
If a subset E of joints contains at least two joints, then the arrangements
G(r, 1, l )"E are not supersolvable except for the case l=2, the case r=1
and all l, and the case |E|=3, r=2 and l=3. Indeed, if E is the set of
joints, then, with the same exceptions, the matroid of G(r, 1, l )"E contains
no modular flats other than the empty flat, the points, and the entire set
([11, p. 102] and [16]). When r=2, this construction yields an arrange-
ment between the real arrangements Dl and Bl .
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Next suppose that E contains exactly two joints xi and xj . Then E can
only contain interior points on the coordinate line xi 6 xj . In this case, the
matroid of G(r, 1, l )"E is not supersolvable except for the case |E|=r+1,
when all but one interior point is deleted.
Now suppose that E contains a single joint xi . Then E can only contain
interior points on the lines xi 6 xj , j{i. It is easy to check that E can con-
tain any subset of such points. Therefore, E has the form Eint _ [xi], where
Eint is a set of interior points on the lines xi 6 xj , j{i. In this case, the
matroids of G(r, 1, l )"E are supersolvable.
Finally, suppose that E contains no joints. If E contains an interior point
on the coordinate line xh 6 xi , then E cannot contain an interior point on
a coordinate line xj 6 xk , if h, i, j, k are distinct. This reduces the possible
sets E to two kinds: (1) E is an arbitrary set of interior points on the lines
xi 6 xj , where i is a fixed index, and (2) E is a set of interior points on the
coordinate plane xi 6 xj 6 xk , where i, j, and k are fixed indices, and E
does not contain any transversal lines. If E is a set of the first kind, then
the matroid of G(r, 1, l )"E is (always) supersolvable. In contrast, for sets E
of the second kind, supersolvability depends on E. For example, if E is a
set of three noncollinear interior points, one from each of the three lines
xi 6 xj , xj 6 xk , and xk 6 xi , then the matroid of G(r, 1, l)"E is not super-
solvable.
Lemma 1. Let E be a subset of G(r, 1, l ) containing no matroid lines.
Then
|E|(l&1) r+1.
Equality occurs if and only if for some fixed i, E is the complement of
the matroid copoint (that is, flat of rank l&1) spanned by the joints
x1 , x2 , ..., xi&1 , xi+1 , ..., xl , that is, E is the set [xi , xi&!hxj : 1 jl,
j{i, and 0hr&1].
The proof of Theorem 1 is an straight-forward application of the
AdditionDeletion Theorem of Terao ([14]; see also [12, p. 117]). In
order to apply this theorem, we need to calculate the exponents (or roots
of the characteristic polynomial) of the subarrangements. The characteristic
polynomial of a matroid G (without loops) is the polynomial in the
variable * defined by the formula:
/(G; *)= :
X : X # L(G)
+(<, X )*rank(G)&rank(X ),
where + is the Mo bius function in the lattice L(G) of flats. (The Poincare
polynomial of an arrangement A in l-dimensional space is the polynomial
tl/(M(A); 1t), where M(A) is the matroid of A. In this paper, we shall
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only work with characteristic polynomials.) The following lemma, from
p. 56 of [10], gives explicit formulas for the characteristic polynomials we
require.
Lemma 2. Let E be a subset of G(r, 1, l ) containing no lines and let G be
the matroid of the deletion G(r, 1, l )"E. Then
*l&rank(G)/(G; *)=(*&(l&1) r+|E|&1) ‘
l&2
i=0
(*&ir&1).
To prove the lemma, we use Crapo’s identity ([2]; see also [11, p. 49]).
Let G be a matroid on S, E a subset of S, and G"E the subgeometry of
G obtained by deleting the elements in E from S. Then
*rank(G)&rank(G"E)/(G"E; *)= :
Z : Z # L(G) and ZE
/([Z, 1 ]; *),
where the sum ranges over all flats Z contained in E and [Z, 1 ] is the
upper interval from the flat Z to the maximum flat S in L(G). There are
several ways to prove Crapo’s identity. A counting proof, which uses the
critical problem to interprete the right-hand side of the identity as a sum
over conditional probabilities, is given in [11, p. 50]. Note that when E is
a one-element set, Crapo’s identity is the contraction-deletion identity.
Because every upper interval of rank-m in the Dowling matroid Ql (Zr)
is isomorphic to Qm (Zr), Crapo’s identity implies that the characteristic
polynomial of any submatroid of Ql (Zr) can be written as a linear com-
bination
:
l
j=0
aj ‘
j&1
i=0
(*&ri&1)
of falling r-factorials where the coefficients aj are non-negative integers
satisfying the conditions: al=1 and aj{0 implies that ak{0 for all k j.
Crapo’s identity also yields the following lemma, which implies that ‘‘not
containing a matroid line’’ depends only on the matroid structure of the
complement.
Lemma 3. Let E be a subset of the Dowling matroid Ql (Zr). Then
/(Ql (Zr)"E; (l&s) r+1){0
if and only if E contains a rank-s flat of Ql (Zr).
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Returning to the proof of Lemma 2, let G be the matroid of the arrange-
ment G(r, 1, l )"E. Because E contains no matroid lines, the flats Z in the
summation in Crapo’s identity are the empty flat < and the points [x],
where x is in E. Hence,
*l&rank(G)/(G; *)
=[(*&(l&1) r&1)] _ ‘
l&2
i=0
(*&ir&1)&+|E| _ ‘
l&2
i=0
(*&ir&1)& .
This completes the proof of Lemma 2.
We can now prove the theorem by induction on |E|. To start the induc-
tion, observe that the intersection lattices of G(r, 1, l ) are supersolvable;
hence, the arrangements G(r, 1, l ) are free. Next, let E be a set of hyper-
planes in G(r, 1, l ) not containing a matroid line. Let H0 be any hyperplane
in E. Then E"[H0] does not contain a matroid line and by induction,
G(r, 1, l )"(E"[H0]), is free and by the lemma, it has exponents
1, r+1, 2r+1, ..., (l&2)r+1, (l&1) r+2&|E|.
Consider the restriction (in the arrangement sense) of G(r, 1, l ) to the
hyperplane H0 . This is the arrangement consisting of all the subspaces of
dimension l&2 in H0 of the form H & H0 , where H is a hyperplane in
G(r, 1, l ). If K is a dimension-(l&2) subspace of the form H1 & H0 in H0 ,
where H1 is a hyperplane in G(r, 1, l ), then
K=H1 & H2 & } } } & Hm & H0 ,
where H1 , H2 , ..., Hm are all the hyperplanes in the matroid line spanned
by H1 and H0 . Since E contains no matroid lines, at least one of the hyper-
planes Hi remains in G(r, 1, l )"(E"[H0]). Hence, G(r, 1, l )"(E"[H0])
restricted to H0 is G(r, 1, l ) restricted to H0 . The latter arrangement is
isomorphic to G(r, 1, l&1). Hence, it is free with exponents
1, r+1, 2r+1, ..., (l&2)r+1.
We can finish the proof of the theorem by applying the deletion portion of
AdditionDeletion Theorem to conclude that G(r, 1, l )"E is free.
In Theorem 1, we construct free subarrangements of G(r, 1, l ) ‘‘from the
top’’ by deleting hyperplanes. Other free subarrangements of G(r, 1, l) can
be constructed ‘‘from the bottom’’ by adding hyperplanes in G(r, 1, l ) to the
subarrangement G(1, 1, l ). See [9].
Extracting the hypotheses needed in the proof of Theorem 1, we obtain
a more general theorem.
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Theorem 2. Let A be a free rank-l arrangement with exponents
a1 , a2 , ..., al and let E be a subset of A satisfying the properties:
(1) E does not contain a matroid line, and
(2) there is a fixed exponent ai so that the restriction (in the arrange-
ment sense) to any hyperplane H in E is free with exponents a1 , a2 , ..., ai&1 ,
ai+1 , ..., al .
Then the subarrangement A"E obtained by deleting all the hyperplanes in E
is free.
Lemmas 1, 2, and 3 hold for Dowling matroids based on finite groups.
Lemma 3 implies that the subspace critical exponent for a submatroid of
a Dowling matroid is a combinatorial invariant. (See [11, Section 4.])
4. REMOVING LINES BUT NOT PLANES
A matroid plane is a rank-3 flat. What happens when E contains matroid
lines but no matroid planes? Part of this question can be answered. We
begin by giving a complete description of those arrangements G(r, 1, l )"E
whose characteristic polynomials factor completely over the integers.
Theorem 3. Let E be a subset of G(r, 1, l ) containing no matroid planes
and at least one matroid line. Then the characteristic polynomial of the
matroid of G(r, 1, l )"E factors completely over the integers if and only if it
is one of two types:
(I) The set E is a subset of G(r, 1, l ) of size r&t containing no
matroid planes and exactly (t2)2&(=2)2 matroid lines. The parameters t
and = satisfy the conditions:
(a) 0<t<r, and
(b) if t is even, then = is an even integer and 0=<t; if t is odd,
then ==e2, where e is an odd integer and 0e<t.
(II) The set E is a subset of G(r, 1, l ) of size r+t containing no
matroid planes and exactly (t2)2&(=2)2 matroid lines, where t>0 and the
parameters t and = satisfy condition (b) stated above.
If E is type I, then the matroid of G(r, 1, l )"E has characteristic polynomial
_ ‘
l&3
i=0
(*&ir&1)&\*&(l&2) r&1& t2+
=
2+\*&(l&2)r&1&
t
2
&
=
2+ .
309FREE SUBARRANGEMENTS
File: DISTL2 172208 . By:CV . Date:16:04:98 . Time:08:36 LOP8M. V8.B. Page 01:01
Codes: 2163 Signs: 1183 . Length: 45 pic 0 pts, 190 mm
If E is type II, then the matroid of G(r, 1, l )"E has characteristic polynomial
_ ‘
l&3
i=0
(*&ir&1)&\(*&(l&2)r&1+ t2+
=
2+\*&(l&2)r&1+
t
2
&
=
2+ .
Theorem 2 is proved using Crapo’s identity and elementary arguments
about quadratic polynomials. Let E be a set containing n points and m
matroid lines. We consider first the case when n<r. By Crapo’s identity,
/(G(r, 1, l )"E)=_ ‘
l&3
i=0
(*&ir&1)& [m+n(*&(l&2)r&1)
+(*&(l&2) r&1)(*&(l&1)r&1)].
Let P(*) be the quadratic factor on the right-hand side of this equation.
The graph of P(*) is a parabola with the *-coordinate of the vertex at
(l&2) r+1+(r&n)2.
Let t=r&n. If t is even, then using the integer change of coordinates
from * to &, where
&=*&(l&2) r&1&
t
2
,
we obtain
P(&)=\&& t2+\&+
t
2++m.
=&2&\ t2+
2
+m.
If P(*) factors over the integers, then (t2)2+m is a integer perfect square
(=2)2, where = is an even integer. Hence, m=(t2)2&(=2)2. Factoring the
quadratic polynomial, we obtain
P(*)=\*&(l&2) r&1& t2+
=
2+\*&(l&2)r&1&
t
2
&
=
2+ .
The argument for the case t is odd is similar. We conclude that when n<r,
the set E is of type I.
Next suppose that E contains exactly r points. Then proceeding as in the
case n<r, we find that
P(*)=(*&(l&2)r+1)2+m,
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where m, the number of matroid lines, is a positive integer. Because P(*)
has no real roots, /(G(r, 1, l )"E; *) cannot factor completely over the
integers.
The case n>r can be done in essentially the same way as the case n<r
and yields sets of type II. This completes the proof of Theorem 3.
Which of the arrangements G(r, 1, l )"E given in Theorem 3 are free? For
sets of type I, the answer is always ‘no.’ For sets of type II, the situation
seems more complicated and will be discussed in Section 7.
Theorem 4. Let E be a subset of G(r, 1, l ) of type I. Then the sub-
arrangement G(r, 1, l )"E is not free.
We will prove this theorem using Tugger’s condition in the next section.
Before doing this, it might be useful to see some examples of sets of type I.
Consider G(24, 1, 3). This is a rank-3 complex arrangement consisting of
the union of three coordinate lines x1 6 x2 , x2 6 x3 , and x1 6 x3 . Let E be
a set of the form [x1] _ E1 _ E2 , where E1 is any set of 8 interior points
on the line x2 6 x3 and E2 is any set of 9 interior points on the line
x1 6 x2 . Then E contains exactly 8 matroid lines: All eight are two-point
lines of the form [x1 , x], where x # E1 . Thus, E is of type I with
parameters t=6 and ==2. By Theorems 3 and 4, G(24, 1, 3)"E is a non-
free arrangement with characteristic polynomial (*&1)(*&27)(*&29).
The same sets E are of type I when the rank is higher. Indeed, for l3,
G(24, 1, l )"E is a non-free arrangement with characteristic polynomial
_ ‘
l&3
i=0
(*&24i&1)& (*&24(l&2)&3)(*&24(l&2)&5). (4.1)
For example,
/(G(24, 1, 5)"E; *)=(*&1)(*&25)(*&49)(*&75)(*&77).
A variation on these examples is to take a set E in G(24, 1, l ), where
l4, of the form [ y] _ E1 _ E2 , where y is an interior point in x1 6 x2 ,
E1 is a set of 8 interior points on x3 6 x4 , and E2 is a set of 9 interior
points from the lines x2 6 x3 or x1 6 x4 . Then E contains 8 two-point lines
of the form [ y, x] where x # E1 . Deleting E from G(24, 1, l ) yields a non-
free arrangement with characteristic polynomial given by formula (4.1).
Note that one can also put interior points on the coordinate lines x1 6 x3
or x2 6 x4 into E2 ; however, we must take care not to put all the points
in a transversal line.
A third family of examples in G(24, 1, 3) can be obtained by choosing an
interior point y on the coordinate line x1 6 x3 and 8 transversal lines
through y. Let E be the set consisting of the 17 points on the 8 transversal
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lines and one more interior point (on any coordinate line). Then E con-
tains exactly 8 matroid lines, which are the chosen transversal lines. Thus,
E is of type I with parameters t=6 and ==2. The deletion G(24, 1, 3)"E
is a non-free arrangement with characteristic polynomial (*&1)(*&27)
(*&29). As in the other examples, sets of this form are of type I when the
rank is higher.
Note that in all three examples, the matroids of the subarrangements
G(24, 1, l )"E do not split, that is, they are not the (set-theoretic) union of
two proper flats. In particular, they are not generalized parallel connec-
tions. Other examples can be obtained by considering sets E containing a
mixture of transversals and two-point lines.
Using Theorems 3 and 4, we can give a complete description of what
happens when we delete all the points on a matroid line.
Proposition 1. Let L be a matroid line in G(r, 1, l ).
(1) If L is a coordinate line, then G(r, 1, l )"L is supersolvable (and
free) with exponents
1, r+1, 2r+1, ..., (l&3)r+1, (l&2) r, (l&2) r.
(2) If L is a transversal line, then the characteristic polynomial of the
matroid of G(r, 1, l )"L does not factor completely over the integers unless
r=1 or r=5. The arrangement G(1, 1, l )"L is supersolvable (and free) with
exponents
1, 2, 3, ..., l&2, l&1, l&1.
The characteristic polynomial of the matroid of G(5, 1, l )"L is
_ ‘
l&3
i=0
(*&5i&1)& (*&5(l&2)&2)2.
The arrangement G(5, 1, l )"L is not free.
(3) If L is a two-point line, then the characteristic polynomial of the
matroid of G(r, 1, l )"L factors completely over the integers if and only if
r=4. Up to isomorphism, there are two different arrangements G(r, 1, l )"L,
depending on whether L has a joint or not. The matroids of both arrange-
ments have the same characteristic polynomial:
_ ‘
l&3
i=0
(*&4i&1)& (*&4(l&2)&2)2.
Neither arrangement is free.
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The only case in Proposition 1 not covered by Theorems 3 and 4 is the
case when L is a coordinate line, which is a set of type II. However, in that
case, one can easily check that G(r, 1, l )"L is supersolvable.
Theorem 3 and the matroid-theoretic part of Proposition 1 hold for
Dowling matroids over finite groups.
5. TUGGER’S CONDITION
In this section, we present a condition on the exponents of a subarrange-
ment which implies that it is not free. This condition is named after R. T.
Tugger. The intuition behind this condition is simple: It is impossible to
write a polynomial of degree d as a linear combination of polynomials of
degree strictly greater than d.
Tugger’s condition. Let A be a free arrangement in an l-dimensional
vector space over a field K with exponents a1 , a2 , ..., al arranged in non-
decreasing order. Let B be a subarrangement of A whose characteristic
polynomial factors completely over the integers and let b1 , b2 , ..., bl be the
multiset of roots, arranged in non-decreasing order. Let t be the smallest
index such that at{bt . Then bt>at implies that B is not free.
Proof. Suppose that B is free. Let mi be the number of occurrences of
the integer i in the sequence a1 , a2 , ..., al and let ni be the number of
occurrences of the integer i in the sequence b1 , b2 , ..., bl . Let s=at . The
hypothesis bt>at implies that ms>ns and mi=ni for 0is&1.
Choose a (free) basis of homogeneous derivations for the module D(B)
of B-derivations and let ,i1 , ,
i
2 , ..., ,
i
mi
be the mi derivations of polynomial
degree i occurring in that basis. Similarly, let %i1 , %
i
2 , ..., %
i
ni
be the ni deriva-
tions of polynomial degree i occurring in a chosen basis for the module
D(A) of A-derivations. If 0il, let Di (A) be the (free) submodule of
D(A) spanned by %jk , 0 ji and 1kmj , the derivations in the free
basis of D(A) of polynomial degree not exceeding i. Similarly, let Di (B) be
the submodule of D(B) spanned by the derivations ,jk , 0 ji and
1knj .
We shall show by induction that if 0is&1, then the submodules
Di (A) and Di (B) are equal. When i=0, the assertion holds vacuously.
Suppose that Di&1(A) and Di&1(B) are the same K[x1 , x2 , ..., xl]-module
Di&1 . Since BA, every A-derivation is a B-derivation (Corollary 4.9 in
[11]). Hence, each derivation %ik is a K[x1 , x2 , ..., xl]-linear combination
%ik= :
l
j=1
:
ni
h=1
#ij , jh .
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Because %ik is homogeneous of polynomial degree i and the derivations ,
j
h
form a free basis, the coefficient of , jh is zero if j>i and an element of K
if j=i. Hence, because mi=ni , there is a square matrix [:ih] with entries
in K such that
%ik= :
ni
h=1
:ih ,ih+k ,
where k is a derivation in Di&1. The square matrix [:ih] is non-singular.
Otherwise, one can obtain a non-trivial K-linear relation between the
derivations %ik and a derivation in Di&1 from a non-trivial K-linear relation
between the rows of [:ih]. In particular, we can express the derivations , jh
in terms of the derivations %ik and derivations in Di&1. We conclude that
Di (B)Di (A). Since Di (A)Di (B), the two modules are equal.
To finish the proof, consider the A-derivations %sk . Since they are
B-derivations, they can be written as K[x1 , x2 , ..., xl]-linear combinations
of the derivations , jh . Comparing degrees as earlier, we conclude that there
exists a matrix [;ih] with entries in K such that
%sk= :
ns
h=1
;ih,sh+$k ,
where $k is a derivation in Ds&1. However, ns<ms and hence, the matrix
[;ih] is a rectangular matrix with more rows than columns. Using a non-
trivial K-linear relation between the rows, we obtain a non-trivial K-linear
relation between the derivations %sk and a derivation in Ds&1 , contradicting
the assumption that the derivations %ik form a free basis for D(B). We
conclude that B is not free. K
Because r(l&2)+1+t&=>r(l&2)+1, we conclude that the arrange-
ments G(r, 1, l )"E, when E is of type I, are not free. This proves Theorem 3.
The first part of the proof of Tugger’s condition also yields the following
basis-extension property.
Proposition 2. Let A be a free arrangement in K l with exponents
a1 , a2 , ..., al arranged in nondecreasing order. Let B be a free subarrange-
ment of A with exponents b1 , b2 , ..., bl arranged in non-decreasing order.
Suppose that t is a positive integer such that ai=bi for 1it. Then
(1) if [%i : 1il] is a free basis for D(A) with pdeg(%i)=ai , then
the subset [%1 , %2 , ..., %t] can be extended to a free basis for D(B).
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(2) if [,i : 1il] is a free basis for D(B) with pdeg(,i)=bi , then
the subset [,1 , ,2 , ..., ,t] can be extended to a free basis for D(A).
As an example, let E be a subset of G(r, 1, l ) not containing a matroid
line. Then, by Lemma 2, the first l&1 exponents of G(r, 1, l )"E and the
first l&1 exponents of G(r, 1, l ) are the same. Hence, one can choose a
basis for the module D(G(r, 1, l )"E) so that for 0il&2, the derivation
of polynomial degree ir+1 is the derivation
xir+11

x1
+xir+12

x2
+...+xir+1l

xl
.
In particular, deleting E affects only the basis element of highest polyno-
mial degree. It would be interesting to have an explicit formula for this
basis element.
The idea in Tugger’s condition leads to the following more general
condition.
Proposition 3. Let B be a free subarrangement of the free arrangement
A. Then for every positive integer s, the number of exponents of A less than
s does not exceed the number of exponents of B less than s.
Proof. Suppose that for some integer s, the conclusion in the theorem
fails to hold. Let %1 , %2 , ..., %m (respectively, ,1 , ,2 , ..., ,n) be all the deriva-
tions from a free basis of D(A) (respectively, D(B)) having polynomial
degree less than s. As in the proof of Tugger’s condition, we have, for
1im,
%i= :
n
i=1
:ih,h ,
where :ih are elements in K[x1 , x2 , ..., xl]. Consider the rectangular matrix
(:ih) as a matrix over the (quotient) field K(x1 , x2 , ..., xl) of rational func-
tions in the variables x1 , x2 , ..., xl . Because n<m, we can find a non-trivial
K(x1 , x2 , ..., xl)-linear relation amongst the rows of (:ih). This yields a non-
trivial K(x1 , x2 , ..., xl)-linear relation amongst the derivations %i . Multi-
plying this relation by the least common multiple of the denominators
of its coefficients, we obtain a nontrivial K[x1 , x2 , ..., xl]-linear relation
amongst the derivations %i , contradicting the assumption that D(A) is
free. K
Note that Tugger’s condition is a corollary of Proposition 3. However,
Proposition 2 cannot be derived from the proof of Proposition 3.
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6. GRAPHICAL ARRANGEMENTS
A graphical arrangement is a subarrangement of the braid arrangement
[xi&xj : 1i, j, l] in l-dimensional space. Interpreting the linear func-
tional xi&xj as the edge [i, j], we can regard the braid arrangement in
l-dimensional space as the arrangement induced by the complete graph Kl
on l vertices. Every graph is a subgraph of a complete graph. Hence, every
graph can be regarded as a subarrangement of the braid arrangement. Note
that the reflection arrangement G(1, 1, l&1) is a projection of the braid
arrangement in complex l-dimensional space into (l&1)-dimensional space.
Consider the braid arrangement in l-dimensional space, where l7. Let
E be the subset consisting of the following five linear functionals
x1&xi , 4i7 and x2&x3
and let Tl be the subarrangement obtained by deleting the set E from the
braid arrangement. In graph-theoretic terms, we are deleting the edges
[1, 4], [1, 5], [1, 6], [1, 7], [2, 3] from the complete graph Kl . The
set E contains four matroid lines, [x2&x3 , x1&x4], [x2&x3 , x1&x5],
[x2&x3 , x1&x6], and [x2&x3 , x1&x7]. It follows from Crapo’s identity
that the characteristic polynomial of the matroid of Tl equals
_ ‘
l&3
i=0
(*&i)& [(*&l+2)(*&l+1)+5(*&l+1)+4],
or
_ ‘
l&3
i=0
(*&i)& (*&l+4)2.
In particular, the roots of the characteristic polynomial of the arrangement
Tl are
0, 1, 2, 3, ..., l&6, l&5, l&4, l&4, l&4, l&3,
where the exponent l&4 is repeated three times. When l=7, these roots
are 0, 1, 2, 3, 3, 3, 4. The graph of T7 is known in graph theory as an
example of a nonchordal (or equivalently, a non-supersolvable) graph
whose chromatic polynomial factors completely over the integers (see [13,
p. 35]).
Proposition 2. The arrangements Tl are not free.
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Proof. We consider Tl as a subarrangement of a suitably ‘‘small’’ free
arrangement. Let T+l be the arrangement obtained by adding the linear
functional x2&x3 to Tl . It is easy to check that T+l is supersolvable and
hence free with exponents
0, 1, 2, 3, ..., l&6, l&5, l&5, l&4, l&3, l&2.
For example, T+7 is free with exponents 0, 1, 2, 2, 3, 4, 5. By Tugger’s con-
dition, the arrangements Tl are not free. Note that T7 is not free implies
that Tl is not free for all l7. This follows from Theorem 4.37 in [12,
p. 112], and the observation that T7 occurs as a flat in Tl when l>7.
An alternate proof is to note that Tl is not chordal and apply the
observation in [9] that a graphical arrangement is free if and only if it is
chordal. K
We remark that if E is a subset of edges of the complete graph Kl not
containing any matroid line, then Kl"E is chordal (but not conversely).
Thus, Theorem 1 applied to G(1, 1, r) does not yield any new examples of
free graphical arrangements.
7. DELETING SETS OF TYPE II
It is not known which subarrangements obtained by deleting sets of type
II from G(r, 1, l ) are free.
Conjecture. All subarrangements of type II which are free are super-
solvable.
The methods for constructing sets of type I given in Section 4 can also
be used to construct sets of type II. For example, in the arrangement
G(24, 1, l ), where l3, choose an interior point y on the coordinate line
x1 6 x3 and 8 transversal line through y. Remove the 17 points on those
eight transversal lines and 13 other interior points on the line x1 6 x2 . The
set E of deleted points contains 8 matroid lines and 30 points. Applying
Theorem 2, the matroid of the arrangement G(24, 1, l )"E has characteristic
polynomial
_ ‘
l&3
i=0
(*&24i&1)& (*&24(l&2)+3)(*&24(l&2)+1).
In particular, /(G(24, 1, 3)"E; *) has roots 1, 21, 23. The arrangement
G(24, 1, 3)"E is a subarrangement of the supersolvable arrangement
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(G(24, 1, 3)"E) _ [ y] obtained by adding back the interior point y. Since
the larger arrangement has exponents 1, 20, 25, we can apply Tugger’s
condition to conclude that G(24, 1, 3)"E is not free. Since G(24, 1, l )"E
contains G(24, 1, 3)"E as a closed subarrangement, the higher rank
arrangements are also not free (by Theorem 4.37 in [12]).
The following examples show that the conjecture cannot be proved
directly using Tugger’s condition. Let r=2m be an even integer and let !
be a primitive rth-root of unity. Consider the subarrangements of G(r, 1, l )
obtained in the following way:
(1) from the coordinate line x1 6 x2 , delete the points x1&!2hx2 ,
where 0hm&1,
(2) from the coordinate line x1 6 x3 , delete the points x1&!2hx3 ,
where 0hm&1,
(3) from the coordinate line x2 6 x3 , delete the points x1&!2h+1x3 ,
where 0hm&1,
(4) from the coordinate line x3 6 x4 , delete any set of m interior
points.
Let E be the set of deleted points. It is easy to check that the set E contains
no transversal line in the plane x1 6 x2 6 x3 . (Indeed, x1 6 x2 6 x3 with
the points in E removed, yields a free subarrangement.) Thus, E contains
exactly m2 lines, the two-point lines [ y, z], where y is a point in
E & (x3 6 x4) and z is a point in E & (x1 6 x2). Since E does not contain
a matroid plane, E is a set of type II with parameters t=r and ==0.
Hence, the matroid of G(r, 1, l )"E has characteristic polynomial
_ ‘
l&3
i=0
(*&ir&1)& (*&r(l&3)&m&1)2.
The arrangements G(r, 1, l )"E have the property that any closed proper
subarrangement is free. (To prove this, one needs to check that G(r, 1, l )"E
contains no matroid plane consisting of four hyperplanes in general posi-
tion.) There seems to be no free arrangement containing G(r, 1, l )"E with
exponents satisfying Tugger’s condition. It is not known at present whether
any of these arrangements is free.
8. ARRANGEMENTS OVER FINITE FIELDS
A key property about the arrangements G(r, 1, l ) used in the earlier
sections is that they are upper uniform, that is, all restrictions to a hyper-
plane have the same characteristic polynomial. In the finite-dimensional
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vector space [GF(q)] l over a finite field GF(q), arrangements which are
upper uniform (and free) include the finite analogues of G(r, 1, l ), where r
divides q&1, the arrangement of all hyperplanes, and, more generally, any
arrangement whose lattice of intersection is modularly complemented (see
[10]). All the constructions described so far can be easily modified to work
for all these arrangements. In particular, over finite fields, there are many
non-free arrangements whose characteristic polynomials factor completely
over the integers.
We can apply Theorem 2 to the arrangement of all hyperplanes in
[GF(q)] l to obtain free but non-supersolvable arrangements over GF(q).
We shall give several explicit examples.
A circuit Om of length m in projective space is a minimally dependent set
of m points, that is, Om is dependent but every proper subset is inde-
pendent. In rank-l binary projective space PG(l&1, 2), an odd circuit
O2k+1 intersects every matroid copoint. Moreover, if k2, the odd circuit
O2k+1 contains no matroid line. Hence, by Theorem 2, the GF(2)-arrange-
ment associated with PG(l&1, 2)"O2k+1 (where l2k) is free. Except for
the case l=4 and k=2, these arrangements are non-supersolvable. (Note
that PG(3, 2)"O5 is isomorphic to G(1, 1, 4).)
The geometric property used is that odd circuits intersect all matroid
copoints; in matroid terminology, this is the property of being a 1-block
over GF(2). (For an account of the theory of blocks, see Section 8 of [11].)
Instead of an odd circuit, any 1-block containing no matroid lines can be
used. For example, let E be a set of points in PG(l&1, q) forming a
matroid isomorphic to G(1, 1, s), where sq. (Note that G(1, 1, s) is the
cycle matroid of the complete graph Ks+1.) Then, except when q=2, the
GF(q)-arrangement associated with PG(l&1, q)"E is free but not super-
solvable.
For another example, let p be a prime and let s and t be positive integers
such that s is a proper divisor of t. Let E be a subset in PG(l&1, pt)
forming a matroid isomorphic to PG(m&1, ps) (where lm). If m&1
ts, then E is a 1-block containing no matroid lines in PG(l&1, pt). The
GF( ps)-arrangements associated with PG(l&1, pt)"E are free and non-
supersolvable.
Finally, let B l, t(q) be the set of all non-zero vectors in [GF(q)] l with at
most t non-zero coordinates. The matroid B l, t(q) is the punctured Hamming
ball of radius t. If l&2tn&Wn(q+1)X , then the GF(q)-arrangement
associated with the Hamming ball B l, t(q) is free and non-supersolvable (see
[1; 11, Section 6]).
For the matroid theorist, we remark that if E is a minimal 1-block over
GF(q) of rank s at least 3, then the characteristic polynomial of the com-
plement PG(l&1, q)"E in any GF(q)-projective space of rank at least s
factors completely over the integers.
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9. NONFREE ARRANGEMENTS OVER
SUFFICIENTLY LARGE FIELDS
The arrangements G(r, 1, l ) are not real unless r=1 or 2. Thus, most
of the examples in Section 4 are not real. In this section, we shall
describe a method for constructing, over any sufficiently large field (and
hence, the real field), non-free arrangements whose characteristic polyno-
mials factor completely over the integers. Because it is easier to visualize
points rather than hyperplanes, we shall construct matroids rather than
arrangements.
We begin with an example. Let K be a sufficiently large field. In the
plane K2, take 10 points and a line l in general position, and take 25
points on l in general position relative to the original 10 points. Then the
matroid Q (given by linear dependence) on these 35 points has charac-
teristic polynomial (*&1)(*&15)(*&19). The arrangement obtained by
considering these points as linear functionals is not free.
The best way to prove this is by completing to a supersolvable matroid.
Think of the 10 points as an affine matroid and l as the line at infinity.
Add the 45 points of intersections of l and a line determined by the affine
matroid. This gives a supersolvable matroid R with characteristic polyno-
mial (*&1)(*&69)(*&10). The contraction of R by any intersection point
is a 10-point line and has characteristic polynomial (*&1)(*&9). Hence,
by Crapo’s identity,
/(Q; *)=(*&1)[(*&69)(*&10)+45(*&9)]
=(*&1)(*&15)(*&19).
By Tugger’s condition, the arrangement associated with Q is not free.
Our example is a special case of the following construction. Let A be a
set of n points x1 , x2 , ..., xn in general position in K 2. Take a line l in
general position relative to A and let xij be the point (xi 6 xj) 7 l of inter-
section of the lines xi 6 xj and l. Because the points xi are in general
position, the intersection points xij are distinct and there are ( n2) such
points. In addition to the points xij , we choose m extra points y1 , y2 , ..., ym
on l. The extra points are necessarily in general position relative to the
points already chosen. Adding or removing extra points does not affect
supersolvability. Let L be the set consisting of the intersection points xij
and the extra points yi . Finally, let R(n, m) be the matroid represented by
the points in A _ L. The set A is called the affine part and the line L is
called the line at infinity of the matroid R(n, m).
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Because every line not equal to L intersects L at a point, L is modular.
Therefore R(n, m) is supersolvable and
/(R(n, m); *)=(*&1)(*&n) \*&\n2+&m+1+ .
The arrangement associated with R(n, m) is free. The next result shows how
one can delete points from R(n, m) to obtain real nonfree arrangements
whose characteristic polynomials factor completely.
Theorem 5. Let n and s be positive integers. Let $ be an integer such
that 0$<s and
\n2+&n+$2&1s\
n
2++$2. (9.1)
Let m be the non-negative integer satisfying the equation
\n2+&1&s2+$2+m=n+2s. (9.2)
Let E be a set of s2&$2 intersection points on the line at infinity L of the
real matroid R(n, m). Then the characteristic polynomial of R(n, m)"E
equals
(*&1)(*&n&s+$)(*&n&s&$).
However, the arrangement associated with R(n, m)"E is not free.
Proof. The left-hand end of inequality (9.1) implies that
s2&$2\n2+ ,
so that there does exist sets E with s2&$2 intersection points. The right-
hand end implies that
\n2+&1&s2+$2n&2s,
so that the integer m obtained by solving Eq. (9.2) is non-negative.
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Next, observe that if x is an intersection point, then the contraction
R(n, m)x is an n-point line. By Crapo’s identity,
/(R(n, m)"E; *)
=(*&1) _(*&n) \*&\n2+&m+1++(s2&$2)(*&n+1)&
=(*&1) _(*&n) \*&\n2+&m+1++(s2&$2)(*&n)+s2&$2&
=(*&1) _(*&n) \*&\n2+&m+1+s2&$2++s2&$2&
=(*&1)[(*&n)(*&n&2s)+s2&$2]
=(*&1)(*&n&s+$)(*&n&s&$).
We can now finish the proof by observing that n+s&$>n and applying
Tugger’s condition. K
Note that Theorem 5 is valid when both s and $ are half-integers, that
is, rational numbers of the form c2, where c is an odd integer. A similar
situation is described in detail in the proof of Theorem 3.
Roughly speaking, the sets in Theorem 5 correspond to sets of type I in
Theorem 3. What happens for analogues of sets of type II? To delete a set
E of type II, one needs to delete at least ( n2)&n+2s intersection points,
where 2sn. The inequality for s implies that
s2
n2
4
<\n2+&n+2s
whenever n4. From this, we conclude, by an elementary argument about
quadratic polynomials, that when n4, /(R(m, n)"E; *) has no real roots
apart from 1.
Instead of choosing the affine part A to be n points in general position,
we can choose A to be a line.
Theorem 6. Let a and s be positive integers. Let $ be an integer satis-
fying the conditions: 0$<s and
s2&a+1=$2. (9.3)
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Then the matroid G consisting of two non-intersecting lines, one with a points
and the other with a+2s+1 points, has characteristic polynomial
(*&1)(*&a&s+$)(*&a&s&$).
The arrangement associated with G (over any sufficiently large field) is not
free.
The proof follows the same lines as the proof of Theorem 5 and is
omitted. An easy way to construct examples of this kind is to choose s
and $ and solve for a using Eq. (9.3). Choosing s=1 and $=0, we obtain
a matroid G consisting of a 2-point line and a 5-point line. The nonfree
arrangement associated with G has characteristic polynomial (*&1)(*&3)2.
This arrangement has appeared in [7] (see also [12, p. 156]). A larger
example is obtained by choosing s=10 and $=5. Then a=76 and we
obtain a matroid G consisting of a 76-point line and a 97-point line.
From G, we obtain a non-free arrangement with characteristic polynomial
(*&1)(*&81)(*&91). As earlier, Theorem 6 is valid when both s and $
are half-integers.
With more care keeping track of the point-line incidences, any given con-
figuration can be used for the affine part A. For example, let A consists of
5 collinear points and two points in general position relative to the 5
collinear points. Then the line l at infinity contains 12 intersection points.
One of these points is the point z where the line spanned by the 5 collinear
points meet l. The other 11 points arise from two point lines in A. Add 4
extra points on l in general position and let R be the resulting matroid.
The matroid R is supersolvable and
/(R; *)=(*&1)(*&7)(*&15).
If E is a set of 4 intersection points not equal to z, then
/(R"E; *)=(*&1)(*&9)2.
By Tugger’s condition, R"E is not free. We can also delete z and three
extra points to obtain a non-free subarrangement with the same charac-
teristic polynomial. While ‘‘most’’ configurations yield non-free subarrange-
ments, there are special examples (see Sections 10 and 11) yielding free
arrangements.
The construction in Theorem 5 also extends to l-dimensional space. Just
take a configuration A and a hyperplane 6 not intersecting A. Add all the
intersection points of lines determined by A with the hyperplane 6. Next
choose a flag of flats in 6. These flats may be spanned by the intersection
points or additional points which we choose. By adding points of inter-
sections, we can make all the flats in the flag modular. This yields a
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supersolvable matroid. We can now obtain examples similar to those in
Theorem 5 by adjusting the number of extra points.
10. FREE REAL LINE ARRANGEMENTS AND
SLOPE-CRITICAL CONFIGURATIONS
The sets E in Theorem 4 do not contain any matroid lines of R(n, m)
and yet R(n, m)"E is not free. The reason is that for an intersection point
x, /(R(n, m)x; *) does not divide /(R(n, m); *). In this section, we shall
give examples of special real configurations to which Theorem 2 can be
applied.
The major constraint in obtaining such configurations is Ungar’s
theorem [15] about the number of slopes determined by a set of points in
R2. Ungar’s theorem can be reformulated as a result about real super-
solvable matroids (see [11, p. 58], for details).
Ungar’s Theorem. Let G be a real rank-3 supersolvable matroid, let L
a modular line in G, and let A=G"L, the set of points in G not in L.
Suppose that A is not a line. Then, |L||A| if |A| is even and |L||A|&1
if |A| is odd.
Let |A|=n. If x is a point on L and x is not on a line y 6 z spanned by
two points in A, then x can be deleted and G will remain supersolvable.
Thus, we can assume that every point on L is an intersection point, that
is, it is on at least one line spanned by two points in A. An intersection
point x on L is on at most n lines (including L); hence, /(Gx; *)=
(*&1)(*&c), where cn&1. To apply Theorem 2, *&c must be a factor
of /(G; *), which equals (*&1)(*&|L|+1)(*&|A| ). Therefore, |L|&1=c.
By Ungar’s theorem, |L| equals n&1 or n.
Therefore, to apply Theorem 2, we need real supersolvable matroids
satisfying the two conditions:
(A) |L|=n&1 or n, where |A|=n, and
(B) there exists an intersection point on L on n lines; such a point
is either on one four-point line and n&1 two-point line, or two three-point
lines and n&2 two-point line.
We shall give some examples of these special matroids. All the examples
are derived from ‘‘slope-critical’’ configurations in [8]. Our list is not
exhaustive and other examples may exist.
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We begin with an infinite family. Let A be the (centrally symmetric)
bipencil consisting of the line M containing the 2k+1 points
(&k, 0), (&k&1, 0), ..., (0, 0), ..., (k&1, 0), (k, 0)
and the two points (0, 1) and (0, &1). The set A determines 2k+2 paral-
lelism classes of lines, namely, the two classes [M] and [[(0, 1), (0, 0),
(0, &1)]] containing a single line, the k classes [[(& j, 0), (0, &1)],
[(0, 1), (0, j)]], 1 jk, containing two parallel lines, and the k classes
[[(& j, 0), (0, 1)], [(0, &1), (0, j)]], 1 jk, containing two parallel
lines. Thus, the line L is an (r+2)-point line, where r=2k. The real
arrangement associated with A _ L is matroidally isomorphic with the
complex arrangement G(r, 1, 3)"E, where E is the set of interior points on
the line x2 6 x3 of the form x2&!hx3 , where !h{1 or &1. Free real sub-
arrangements can be obtained using Theorem 1.
There are also four ‘‘sporadic’’ examples obtained by taking the affine
part A to consist of
(1) four vertices on a square and the center of the square,
(2) six vertices of a regular hexagon and its center,
(3) three vertices of an equilateral triangle, the three midpoints of the
sides, and the centroid, and
(4) the ‘‘H-configuration’’ consisting of the following seven points:
(&1, 1), (&1, 0), (&1, &1), (0, 0), (1, 1), (1, 0), (1, &1).
(See Figure 1 for the configurations in cases (3) and (4).) The line L is
obtained by taking all the points of intersection of lines determined by A
and the line l at infinity.
In case (1), there are 4 points of intersection and the arrangement
associated with A _ L is matroidally isomorphic to B3 . Free sub-
arrangements can be obtained using Theorem 1. Note that deleting the cen-
ter of the square and a point on L yields the non-Fano configuration. Its
arrangement is the free arrangement described on p. 112 of [12].
Fig. 1. Two slope-critical configurations.
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In the three remaining cases, there are 6 points of intersections. The
matroid R on the set A _ L is a 13-point rank-3 supersolvable matroid with
characteristic polynomial (*&1)(*&5)(*&7).
In case (2), three of the intersection points, x1 , x2 , and x3 , are intersec-
tions of l with a (3-point) line in A containing the center of the hexagon.
The other three points x4 , x5 , and x6 , are intersections of l with lines in
A, none of which contains the center. When 4i6, the point xi is on
6 lines. By Theorem 2, we can delete any nonempty subset of [x4 , x5 , x6]
and obtain a real free non-supersolvable arrangement.
Case (3) is similar to case (2). Three of the intersection points, x1 , x2 ,
and x3 , are intersections of l with a side of the triangle. These points are
on 5 lines. The other three points x4 , x5 , and x6 , are intersections of l with
the bisectors and are on 6 lines. By Theorem 2, we can delete any non-
empty subset of [x4 , x5 , x6] and obtain a real free nonsupersolvable
arrangement.
In case (4), the six points of intersection are:
x1 , the intersection of l with the 3-point lines [(1, 1), (1, 0), (1, &1)]
and [(&1, 1), (&1, 0), (&1, &1)];
x2 , the intersection of l with the 3-point line [(&1, 0), (0, 0), (1, 0)],
and the 2-point lines [(&1, 1), (1, 1)] and [(&1, &1), (1, &1)];
x3 , the intersection of l with the 3-point line [(&1, &1), (0, 0),
(1, 1)];
x4 , the intersection of l with the 3-point line [(&1, 1), (0, 0),
(1, &1)];
x5 , the intersection of l with the 2-point lines [(1, 1), (&1, 0)] and
[(1, 0), (&1, &1)];
x6 , the intersection of l with the 2-point lines [(&1, 1), (1, 0)] and
[(&1, 0), (1, &1)].
As in the earlier cases, the matroid R on A _ L is a 13-point rank-3 real
supersolvable arrangement. The points x1 and x2 are on 4 lines. The
remaining points are on 6 lines. By Theorem 2, we can delete any non-
empty subset of [x3 , x4 , x5 , x6] and obtain a real free non-supersolvable
arrangement.
Note that in cases (2), (3), and (4), every point in the affine part A is on
6 lines. Therefore, as long as we do not delete a matroid line, we can also
delete points in A (in addition to, or instead of, the intersection points
described earlier) to obtain free arrangements. For example, in case (2),
deleting the center and the points x4 , x5 , and x6 results in a free nonsuper-
solvable arrangement. By deleting precisely one point in A, we obtain con-
figurations with |L|=|A|.
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11. MORE FREE REAL LINE ARRANGEMENTS
There are many supersolvable matroids obtained from slope-critical con-
figurations, but most do not satisfy condition (B). In this section, we shall
describe a construction which yields a few more supersolvable matroids
satisfying conditions (A) and (B). Unfortunately, this construction only
works for ‘‘small’’ configurations.
Consider the supersolvable matroid G with a square and its center as its
affine part. There are 4 intersection points on the line l at infinity. Like all
finite sets of points in the real projective plane, this matroid can be drawn
‘‘in perspective’’ and the drawing represents it in the real affine plane R2.
(See Figure 2.) Let l* be the line through the center parallel to one side
of the square. Regarding the line l* as the line at infinity, we can construct
a supersolvable matroid G* with affine part A* consisting of the 7 points
in G not in l*. There are 4 new intersection points on l*, giving a total
of 6 intersection points on l*. Thus, A* is a slope-critical configuration
with 7 points.
Two of the new intersection points, x1 and x2 , are intersections of l*
with sides of the square. These are on one 4-point line and five 2-points
lines in G*. The other two new points, x3 and x4 , are on two 3-point lines
and four 2-points lines in G*. All four are on six lines. By Theorem 2, we
can delete any non-empty set of new intersection points to obtain a free
non-supersolvable real arrangement. The arrangement associated with
G*"[x3 , x4] is the free but not inductively free arrangement given on
p. 122 of [12].
This construction works with the following choice of slope-critical con-
figurations A and lines l* to yield a new slope-critical configuration:
(1) A is a regular hexagon with center and l* is either one of the
two axes of reflection symmetry through the center;
Fig. 2. Changing to a new line at infinity.
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(2) A a regular octagon with center and l* is the line spanned by a
diagonal going through the center;
(3) A is the H-configuration and l* is the line through the origin
(0, 0), (&1, 0), and (1, 0).
12. CODA
All of the free arrangements given in this paper are obtained by ‘‘small
perturbations’’ of supersolvable arrangements and one may be tempted to
conjecture that all free arrangements can be obtained in this way. This is
false, as is shown by an example of Edelman and Reiner [6]. It seems that
we are very far from understanding what makes an arrangement free.
A necessary step in this direction is to know more about the structure of
the module of derivations of non-free arrangements. To this end, it would
be useful to calculate explicitly generators and relations for the non-free
arrangements given in this paper.
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